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APP~~OXP~ATE PELATI’~~5YIPS .\~ ONC 5~2~
ESTfl ATORS OF ~Or TALlT~’ P ’C.~ABTLITIES

by

N.L. jOhflSofl*
University of North Carolina at Chapel Hill

1. Introduction

Kuzrna [1967] and Prolette [1975] have compared by means of quite extensive

n
~
.mierica1 ca1culations~ several estimators of q, the probability of death. in

an interval (given alive at the beginning of the interval). It is ti~~ pur ose

of this note to give some apnroxiiiate algebraic relations among scne of th~~
estimators. Thsc conf irm , in general terms , the conclusions reached frcRv the

nt~ erica1 investigations. They also provide q~ite czooj approximations (to

four decima]. places when q < 0.15, apparently) to ti.~o rather cormlicated (in

apncarance) estimators, in terms of ti~’~ tors of simnier form . Tis also

gives an improved appreciation of the nature of the more complicated estimators.

2. Notation ~~tt3 ~~~~
fl&

Ye use the following notation (as in rlan~t~Johnson ii°Th]). ~

= n~r.her alive at beginning of interval

d = n ~‘i~
- or of deaths in ti irterv ~ —

c = ni~ i~:cr due to be with4rawn 1 in th~ in terval

= n~iher of deaths .i~on~ t~ e~e c individua is 
~~

n~ nber actually uit.h:~ra~ m. I

It will he ass~xied that t~ere are no lost to follow un,’ or new entrants

during the interval so that w+d ’ = c; d’ c 4 � N -

L. *- ‘i’his research was supported by the Army Research Office, under Contract
D~R G29-74-C-0030. 
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The estimators to be discussed are :

~(2) 
= ~N ’ - (N ’2 - 2Nd)V2}~rl (see Eivebac~ f195e]) (1)

where N’ = N - ~w +

~~3) 
= d(N - (the ‘~actu~rial estim .~tor) , (2)

= 1 - 
~(2N-c)

2[{d~
2+4(2N-c)(~N-w- 2d)}~~

2-d’1 2

( i ~~~ [l0Eil l )  , (3)

~~5) = d(N - (see 1llveb~ck [1958]). (4)

~~(I) ~(4)The estimators q and q are much sinpier in fo rm than q and q

3. The Approximations

Using the method outlined in the Appendix, tb~’ following annrcximations

• are obtained.

~ (2) 
~ [(l + ~~(3))-i + {‘ + (~ - f l )~~(3) } 1]~~() )  ( 5)

where
R = N/N ’ = 

~ 
+ ~~(3) )_ 1 (~)

N -

a 
~ (4) 

- ~~~~~~~~~~~~ . 
(7)

~esu1ts of s~~ie n~nierica1 calculations i:~.u stra t ing the accuracy of these

approx rmations , using ±it.~ from Table 2 of C ; ~~ ~1~ ( 1] are nresent~~ in

Table 1.

For larger ~~, (5) may ho improved ‘~v a~~~tion of ~~~~~~~~~~ +

!.i~It values of ~ (> .20, say) for which thim is of any imnortance are so large

that validity of ass~~ptions made in derivition of formulae “crr~e o~ ov-~r-

riding importance (and usually uncertain va l iJ i ty l .

_  
~~~~~~~~~~~~~~~~~~~~~-- • - - •~~~~~~~~~ • -.~~~~~~~- _
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Table 1.
• Approximations to various estimators of q

Interval ~(2) Approx. ~(4) Approx. ~ (3) ~(5)

• 0-1 .2434 .2429 .2425 .242~ .2417 .2436
1-2 .1822 .1821 .1~Y4 .1815 .1CIO .1819

2-3 .1033 .1033 .1030 .l~~0 .1028 .1032

3-4 .0860 .0860 .08S8 .0858 .0056 .0859

4-5 .0643 .0643 .0641 .0641 .0611l .0642

5-6 .0584 .0524 .05,0,2 .95~2 .0582 .0583

k 6-7 .0438 .0438 .0433 .0438 .0437 .0438

7-8 .0433 .0433 .0432 .0~32 .0,31 ~~~~
8-9 .0337 .0337 .0337 .0337 .0337 .0337

0-10 .0466 .0466 .0465 .04655* .0”64 .0467

10-11 .0439 .0439 . 0438 .O~38 .0437 .0440

11-12 .0513 .0513 .0511 .0511 .~~508 .0513

- exactly

Except for the apnroximation to ~~2) in interval 0-i . t~’ere is never ~rore

than 0.00(11 difference between apnroximation and calculated value (to ~

decimal places). In most cases t:e values agree to 4 dec imal places .
A (5 ~• It is interesting to note that for those data ~ ~ hapnens to be qui te

a good apnmxinator for

4. Discussion

prom (7) it is clear that the approximate value for ~~4) is always less

than ~~5)
• This is consistent with rnm~erica1 results obtained by Drolette

“3)(1975] . She also finds that q :‘s grc~v~c’r than q ’ . To see that this is

in accordance with our formulae , we note that the right hand side of (5) is 

—.•- ,— -- ~~~~~ •,~~•. ~~-~~~~~~~~-——
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A (3 ’
~ -1greater than q e)  if and only if ~~. > (1 + ~,q ’~~ ) ( l  + q’~ ‘) . From the

definition of ~‘. in (6) , it follows t~ at ~ � + ~~(3) ) -1 and this is

less tlian (1 + ~~~~~~ so it is possible for the aroroximate value of

to be less than ~~3) , though the least possible value (~hen w 0) is

- (~~ (3)
)

3~~~ + 4~~3) 
+ 2(~~

3
~Y 

+ (~(3))”}
_l
}

> ~ (3) {~ -

Nhile the labor of calculating an~ ~~~~~~~~~ is not great, the apnroxi-

mat ions put forward here provide some insight into the nature of these estima-

tors , as well as quite simple formulae ~or annroximate calculation.

In view of the small differences usu~:llv found nnon~ the mnnerical values

given by the different fo rmulae , and the usual ~v ‘hi ~ ious nature of assurintions

• involved in setting up the likelihood functions underlying ~~2) and
A ( ~~~~ ~~(ç)

there are good grounds for using simpler formulae (lihe q or o ) except

in very special cases.

• For ~~ < 1, we have the expansion

1/2 1’  11  5 4  ~~• ( l-2t) = 1 - t - .~-t - ~-t - ~.t - 
~~• 

-

1 -~~-t - 4 - ( t + t2 + t 3 +~~” + t 5) ~~~~ -~~-t5 -

1 -~~-t -~~ t(l  -

So

1 - (l-2t~~~ 
& + (1 - t)~~ 1

This  annroxi”ation is used L
L 

A (1)  
-, i / ~q = (N ’ /N ) [ l  — U — 2(~/ :~:’~ ).l ) ’

to yield (5) . 

~~~~~~~~~~~~~~ —. .~ ••• ~~~~~~ ~~~~~ .~~~~~~ - . .~~~~~~. i
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Similarly , i-re write (r~ naithering d’ = c j

~(4) 
= - -— 

1 [ 4 ( 2 N - c ) 2 (l - _ _ _  +
4(2W-c)

- 4d’(2N-c){l - 2 d d ’  + d ’ 2
C

artd expand the square root, to yield (7).
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